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2.3. Example: complex Banach algebras

Gelfand’s work on complex Banach algebras was a motivation for Berkovich when developing his
approach to non-Archimedean geometry. Here we present some aspects of Gelfand’s theory using the
terminology above. For more details, see e.g.

Rudin

[Rud91, Ch.10-11].
Much of the theory can be motivated by the following discussion. Let X be a compact topological

space. Then the set A = C
0(X;C) of continuous functions on X is a C-algebra. It is also a Banach

space if we equip it with the supremum norm. This norm satisfies kfgk  kfk · kgk; hence A is a
(commutative) Banach algebra. We may now ask if we can recover the space X from A. Similarly,
given any complex Banach algebra A, can we embed A (or at least map it into some closed subspace
of C0(X;C) for some canonical compact topological space X?

2.3.1. The spectrum and spectral radius of an element. From now on, let A be a complex
Banach algebra, i.e. a Banach algebra over the Banach ring (C, | · |1).2

Definition 2.3.1. The spectrum �(f) of an element f 2 A is defined as the set of complex
numbers � 2 C such that �� f is not invertible in A.

The key property of the spectrum is the following result.

Proposition 2.3.2. For any f 2 A, the spectrum �(f) is a nonempty compact subset of C.

Proof. That the spectrum is closed follows from the fact that the set of invertible elements of
A is open, see Corollary 1.2.15. Similarly, it follows from Lemma 1.2.14 that

�(f) ⇢ {� 2 C | |�|  kfk}, (2.3) e80173

so �(f) ⇢ C is compact. To prove that it is nonempty, one proves that the resolvent rf : C\�(f) ! A,
defined by rf (�) := (��f)�1, is an analytic function with values in A. (See

Rudin

[Rud91, pp.82–85] for a
discussion of such functions.) If the spectrum were nonempty, the resolvent would be a nonconstant
bounded entire function, contradicting Liouville’s theorem. Thus �(f) 6= ;. ⇤

We now explain the name “spectral radius” of an element, as defined in §1.2.6, by showing that
it is the radius of the smallest disc centered at the origin that contains the spectrum.

Proposition 2.3.3. If A is a complex Banach algebra, then

⇢(f) = sup{|�| | � 2 �(f)}, (2.4) e80174

for any f 2 A.

Proof. Let ⇢̃(f) denote the right-hand side of (2.4). As already noted above, it follows from
the invertibility criteria in §1.2.5 that �� f is invertible if |�| > kfk, so ⇢̃(f)  kfk.

Next note that if � � f is noninvertible in A, so is �
n � f

n for any n � 1. This implies
⇢̃(fn) � ⇢̃(f)n, and hence

⇢(f) = lim
n

kfnk1/n � lim sup
n

⇢̃(fn)1/n � ⇢̃(f).

For the reverse inequality we use that the resolvent (�� f)�1 is analytic on the complement of
�(f), and in particular on the complement of the disc |�|  ⇢̃(f). In fact, it extends across � = 1
on the Riemann sphere and takes the value zero there. If r > ⇢̃(f), Cauchy’s formula gives

f
n =

1

2⇡i

Z

|�|=r

�
n(�� f)�1

d�

2Gelfand’s theory also covers noncommutative complex Banach algebras, possibly without multiplicative unit,
but we shall stick to the more restrictive situation here.
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for any n. This leads to the estimate kfnk  Mr · rn, where Mr does not depend on n. Letting
n ! 1 we get ⇢(f)  r, and hence ⇢(f)  ⇢̃(f). ⇤

2.3.2. The Gelfand-Mazur theorem. Using the fact that the spectrum of any element in a
Banach algebra is nonempty, we can now prove the Gelfand-Mazur theorem:

Theorem 2.3.4. The only complex Banach field is the field C of complex numbers.

We already knew from Ostrowski’s Theorem (see Theorem 1.3.2) that there is no nontrivial
valued field extension of (C, | · |1), but Theorem 2.3.4 is stronger since it does not assume that the
norm on the Banach field is multiplicative.

Proof. Suppose that A is a complex Banach algebra and also a field. We must show that the
canonical morphism C ! A is surjective. Pick any f 2 A. Since the spectrum of f is empty, we can
find � 2 C such that �� f is noninvertible, and hence equal to zero, so f = �. ⇤

2.3.3. Maximal ideals and the Berkovich spectrum. Let m ⇢ A be a maximal ideal.
We know from §1.2.5 that m is closed. Hence A/m is a complex Banach field, so it follows from
the Gelfand-Mazur theorem that the canonical morphism C ! A/m is surjective. In particular,
m defines a bounded semivaluation on A by letting |f | be the absolute value of the image of f in
A/m = C. Thus we obtain a map

Max(A) ! M(A) (2.5) e80176

from the set of maximal ideals of A to the Berkovich spectrum of A.

Theorem 2.3.5. The morphism in (2.5) is a bijection.

The set Max(A) is called the maximal ideal spectrum in the study of complex Banach algebras.
The construction above equips its with a natural topology which makes (2.5) a homeomorphism.

Proof of Theorem 2.3.5. That (2.5) is injective follows from the fact that m1 \ m2 6= ; for
any two maximal ideals m1 6= m2. To prove surjectivity, pick any x 2 M(A), with associated
bounded semivaluation | · |x on A. Let px = {| · |x = 0} ⇢ A be the associated prime ideal. If px is
not a maximal ideal, then Frac(A/px) would be a field properly containing C. Thus the complete
residue field H(x) would be a Banach field (in fact, a complete valued field) properly containing C,
contradicting Theorem 2.3.4. Thus px is a maximal ideal, and it follows easily that x is the image of
px under (2.5). ⇤

Corollary 2.3.6. An element f 2 A is quasinilpotent, that is, ⇢(f) = 0 i↵ f lies in the Jacobson
radical of f .

Proof. By definition, f lies in the Jacobson radical of A i↵ it lies in all the maximal ideals of
A. On the other hand, Theorem 2.2.1 shows that f is quasinilpotent i↵ f(x) = 0 for all x 2 M(A).
The result now follows from Theorem 2.3.5. ⇤

2.3.4. Uniform Banach algebras. In §1.2.6 we declared that a seminormed ring is uniform
if its seminorm is power-multiplicative. The following result is the reason for the terminology.

Proposition 2.3.7. A complex Banach algebra A is uniform i↵ it is isometrically isomorphic
to a closed subalgebra B ⇢ C

0(X;C) for some compact topological space X.

The topology on C
0(X;C) is that of uniform convergence; hence the terminology.

Proof. Any closed subalgebra B ⇢ C
0(X;C) is a complex Banach algebra (recall that we

demand that rings contain a multiplicative unit). Since the norm on C
0(X;C) is evidently power-

multiplicative, the same is true for B.
Conversely, suppose A is a uniform complex Banach algebra, and set X := M(A). By the

discusssion in §2.3.3, we have H(x) = C for all x 2 X, so by the Berkovich Maximum Modulus
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principle (see Theorem 2.2.1), the Berkovich–Gelfand transform becomes an isometry A ! C
0(X;C),

and we can take B as the image of A. ⇤

Exercises for Section 2.3
EX70224 (1) Let A = Cn, viewed as a C-algebra with coordinate-wise multiplication. Compute the Berkovich

spectrum of A.
EX70223 (2) Let A be the set continuous function on the closed unit disc in C that are holomorphic on the

open unit disc.
(a) Prove that A is a complex Banach algebra with the supremum norm.
(b) Compute the Berkovich spectrum of A.


